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An ellipsoidal cavity arbitrarily oriented in an anisotropic dielectric is considered. The 
cavity field and the reaction field (for an homogeneous dipole density) inside the cavity 
are computed. and the general expressions are compared with those obtained by pre- 
vious authors for particular geometries. The average local field acting on a molecule in 
non-polar liquid crystals is found to be linearly dependent upon the orientational degree 
of order. 

INTRODUCTION 

In the last years some interest has been devoted to the problem of the 
electric field inside a cavity surrounded by an anisotropic dielectric, 
e.g., a liquid 

Following Onsager" the computation is divided in two steps: first, 
the expression for the field inside the empty cavity is obtained, in the 
presence of an homogeneous external field; then the cavity field is cor- 
rected for the reaction due to the induced or permanent molecular di- 
pole moments. For a spherical cavity in an anisotropic dielectric, the 
solution to the first problem is well known," while an expression for 
the reaction field has been reported without proof by Kuznetsov et a/.' 
More recently, the case of an ellipsoidal cavity whose axes are coinci- 
dent with the principal directions of the permittivity tensor has been 
considered, but two different expressions for the reaction field have 
been ~btained.' '~ 

The aim of this paper is to solve the Onsager problem for the general 
case of an ellipsoidal cavity with arbitrary orientation with respect to 
the permittivity principal axes. Some years ago Derzhanski and Petrov2 
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240 U. SEGRE 

tackled this problem as well, but it seems that they did not consider 
correctly the tensorial properties of the permittivity, and their results 
are incorrect for a spherical cavity. The general solution of the cavity 
problem which is obtained i n  the following includes the particular 
cases treated previously, and therefore discriminates between conflict- 
ing expressions. 

THEORY 

An ellipsoidal cavity with semi-axes (a , ,  a2, u3) is surrounded by an 
anisotropic homogeneous dielectric. The principal axes of the ellipsoid 
and of the permittivity E are supposed to be non-coincident, and 
f l  = (a, b, y )  is the set of Euler angles relating the two frames.” An ex- 
ternal electric field Eo is applied, which is supposed to be uniform at 
very large distances from the cavity. 

Cavlty fleld 
The electric field inside the empty cavity is obtained by solving the 
equations for the potential inside and outside the cavity: 

where the permittivity principal axes are chosen as the reference frame. 
The link between’ the internal and external solutions is given by the 
usual continuity conditions,” which are to be satisfied on the eIlipsoida1 
surface, whose analytical equation is: 

where Rjk  (ar, b, y) are the components of the Euler matrix. This prob- 
lem can be solved by a coordinate transformation: 

xi = (E,)”~x;’ ( 5 )  

With respect to the new variables, Eqs. (1-4) become: 
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CAVITY AND REACTION FIELDS 24 1 

&x:MZXJ = 1 (8) 

M i  = (titj)1/2M.. Y (9) 
Now we deal with the completely equivalent problem of the internal 

field for an ellipsoidal body in vucuo, composed of an anisotropic di- 
electric with permittivity E' = E - ' ,  The shape of the ellipsoidal body, as 
well as its orientation, are different from those of the cavity in the in- 
itial problem. The values of the semi-axes and direction cosines are 
found by diagonalizing the matrix M .  The electric field E"" inside this 
body is given by:" 

E'"' = 11 + n'(E' - l)]-'Eb (10) 

where n' is its depolarization tensor, and Ed = E'/~Eo. Reverting to the 
original coordinates we find the expression for the cavity field: 

E, = g*Eo 
= E'/ ' {E - n'(E - l ) ) - 1 ~ 1 / 2 E ~  (1 1) 

It is worth noting that n' is different from n, the depolarization tensor 
of the ellipsoidal cavity, and that n', n and E in general do not com- 
mute, unless R = (0, 0,O). In this particular case the expression for the 
cavity tensor g previously reported'" is recovered. 

Reactlon fleld 
If the cavity is filled up by an homogeneous dipole density, with dielec- 
tric permittivity t i ,  the field inside the cavity is modified by the reaction 
field E, = f m due to the polarization of the environment. The dipole 
moment of the ellipsoid is related to the internal field by:" 

m = ( V / 4 r ) ( ~ j  - 1)Ei 

= ( V/4~)(ti - ~ ) E ' / ~ [ E  - n'(E - ti)}-1E1/2Eg (12) 

On the other hand, if a = ( V/4~)(ti - 1 ) {  1 + n(ti - 1)l-I is the polar- 
izability of the ellipsoid, we have: 

m = a.(Ec + E,) = a. (g-Eo + f e r n )  

f = ( ~ T / v ) E ' / * [ E  - n'(E - I)]-' 

(13) 
Therefore, after some algebra, we obtain: 

{ ( I  - n')En" - n'(1 - n"))E-1/2 (14) 
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242 U. SEGRE 

where nH = E 
Eq. (14) commute, and the reaction tensor becomes: 

. When R = (0, 0, 0), all the tensors involved in 

(15) 
We recall that in Eq. (15) n is the depolarization tensor of the ellipsoid 
with semi-axes (a, (12, u3). while n' is the depolarization tensor of the 
ellipsoid with semi-axes ( u ~ / J e l ,  a*/J/ez, ad4e3). In the case of a 
spherical cavity we have n = 113, and Eq. (15) becomes: 

(16) 

A comparison with the expressions for the reaction tensor in aniso- 
tropic dielectrics given in previous papers shows that the result in Ref. 8 
corresponds to Eq. (15), while those reported in Refs. 5 and 9 are 
incorrect. 

It is interesting to note that, while both expressions reduce to the 
exact formula for the isotropic case, they have a different behavior 
when the permittivity anisotropy is large. 

-1/2nEI/Z 

f = (47r/V)(~ - n'(E - l))-'(n(I - n')E - n'(1 - n)) 

f = {E - n'(E + 2 ) ) i ~  - n'(E - I ) ] - ' ( I / u ~ )  

DISCUSSION 

For an anisotropic medium composed of non-polar molecules, a gen- 
eralized Clausius-Mossotti relation between molecular polarizability 
and dielectric permittivity can be stated when the field acting on a 
molecule is known. If the molecule is enclosed in a cavity surrounded 
by the continuum, the local field is the sum of the cavity and reaction 
fields: 

F = Et + E r  

= gEo + N-IfP 

= {g + (4?rN)-'f(~ - 1)JEo 

= 11 + n(E - 1))Eo (17) 

N is the number density and the other symbols have already been de- 
fined. The last equality has been obtained making use of the expres- 
sions for g Eq. (1 1) and for f Eq. (14). and adopting Onsager's hy- 
pothesis VN = 1. The average value of F in the laboratory coordinate 
frame is given by: 

(F) = (1 + (n)@ - 1))Eo (18) 

since only the cavity depolarization tensor n depends upon the molecu- 
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CAVITY AND REACTION FIELDS 243 

lar orientation. For an axially symmetric medium, composed of sphe- 
roidal molecules, the components of the average local field are: 

(F,) = (Fy) = it€,, + 2 + (rill - nl)S(€x* - 1))EOX 

(Fz) = A{, + 2 - 2(n11 - n1)S(czz - 1))Eoz (19) 
where exX = eyy and ezz are the principal components of the permittivity 
tensor, while rill and nl are the depolarization factors of the molecular 
spheroid and the degree of order is defined as usual by S = h(3 cos2 
P - 1). 

The Eqs. (19) may be compared with a recent statistical der i~a t ion’~  
and experimental determination” of the internal field in anisotropic 
fluids. By averaging the molecular dipolar contributions over the two- 
particle correlation function g(r ,  r’), the following expression for the 
internal field has been obtained:I4 

Fg = { A ( E  + 2) + q ( ~  - 1))Eo (20) 

The anisotropy tensor q is traceless and diagonal in the laboratory 
frame. From refractive index measurements on the nematic phase of 
EBBA, the principal value qzz is found to be almost linearly dependent 
upon the degree of order” 

qzz - 0.16 S. (21) 

The Eqs. (19) give a molecular interpretation of the statistical analy- 
sis developed in Ref. 14. By comparison between Eqs. (19) and (20). it 
follows that: 

q z z  = -%(nn - n1)S = (k - nl,)S, (22) 
and from Eq. (21) we obtain: 

nil - 0.17; all/ai - 2. 

where all and al are the longitudinal and transverse dimensions of the 
spheroidal cavity. 

Finally we note that Eq. (14) should be no longer exact to compute 
the reaction field in the case of a polar molecule. In fact i t  is well 
known that, for a cavity in an isotropic dielectric, the reaction fields of 
a point dipole or a distributed dipole density are different, unless a 
spherical cavity is ~0nsidered.l~ If the cavity has a spheroidal shape, 
and the point dipole lies along the axis, its reaction field is given by the 
sum of an infinite series. However the first term of this expansion is 
just the reaction field of a homogeneous dipole density, while the aver- 
age of all the other terms vanishes. I feel therefore that Eq. (14) should 
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244 U. SEGRE 

give the dominant term of the reaction field tensor for polar molecules 
in anisotropic as well as in isotropic dielectrics. 
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